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NACA ARR No. HAO9

FATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

ADVANOE RESTRICTED REPORT

" RESPOSSE OF HELICOPTER ROTORS TO PERIODIC FORCES

By Bartram Kelley

INTRODUCTION

The helicopter depends for suetentation on the downward
thruet esupplied by a rotor. VWhen in forward flizht the rotor
is in yaw, with ites resaltant 1ift vector 1nclined to give a
horizontal force. This introduces problems not met with in
alrplanes, unsymmetricel forces on the advancing and retreat-
ing airfoills. The Clerva method of dealing with forces not
balanced out by periodic change of the blade angle was to in-
troduce flepning hinges, which allow the blade to deflect up
and down as the 1ift force varies. Later these flapning
hinges were supplemented by drag hinges, which allow each
blade a certaln amount of freedom in the plane of rotation so
as to take care of the chengo in angular momentum duse to the
vertical flapping. Calenlations, until recently, have neg-
lected the nonunlformity of downwash over the front and rear
portions of the swept disk, and rovealed this Coriolis effoct
es the dominating cause of periodic chordwise bending forces
on thoe blades. But by corsldering the nonuniformity of down-
wash over the rotor in forwerd flight, Seibol (roforenco 1)
has shown that there are large pulsating horizontal forces
due to varliatione of drag, ospcclally ovident at low flight
speeds, and it is apvarently these forces which the drag hinges
have served to relieve. This also explains why early attcmpts
to use two-blade rotors resulted in "rough" machines, eape-~
clally at low flight spoeds, while three or four blades seemod
to be smooth. This will be explained in detail.

An alternative way of cushioning the shock of horizontal
forces 1s to make the blades rigid, and to introduce floxibil-
ity into tho pylon which supports the rotor shaft. Thore are
four possible combinations to consider in dealing with hori-
zontal vibratlonss

(1) Moxible pylon and flexiblo or hinged blades
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(2) Rigid pylon and flexible or hinged blades
(3) Flexihle pylon and rigid bdlades
(4) BRigld pylon and rigld blades

Combination (1) 48 poor because it gives a system ocapaw
ble of self-excited oscillations, which can be very destrue-
tjvo. Their theory 1s dealt with in reference 2.

Combination {2) has oftan been used, but is compliceted
Yy the damping which must be introducod into the bladec motions.
when the alrcraft is on the ground and rooking about on its
Qanding gear, the pylon ia no longor offocotively rigid, and
‘there is danger of the self-excited phenomonon mentioned under
(1). Sufficient damping of the blade hinge motions cen remedy
this.

Combination (3) &s & possible cpumbination which works
out well when the natuysl bending frequencics of pylon and
blades are so chosan #s 0 aveid rosonsnce with forcad vibra~
tions, as will be oxplained.

Combination (4) is umsatiafactory. Although the pylon
and blados might be sulfipiently etiff to avold resonance, theo
absence of any flexibildsy will malse the aircraft rough, like
a cart without springs being drewn over cobblestones.

The first step in dealing with horizontzl vidbrations is
to find the natural frequensles of vibration of thoc rotor sye—-
tem., Theao froquencies are summarised in the scction Frequency
Bquations for Horizontal Vibration, where eguations for dealing
with various configurations are given, and graphs showing the
natural frequoncies are plotted. Next, the effocts of porlodic
aerodynamic forces are introduced in the section Horizontal
Exciting Foroes and summarized in teble I. Counterrotating
rotors are not doelt with.

In the sectlon Simplified Method of Applying Theory a
particular example 1s worked out to illustrate the method of
dealing with any combination of pylon and blade stiffness. It
does not ropresent any oxisting machine, end is intended mereoly

s A paradigm.
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FREQUENCY EQUATIONS FOR HORIZONTAL VIBRATION

The horizontal vibrations of a rotor and pylon are bost
picturod with the aid of a-chert showlng the natural froquen-
cles of the gystem as a function of the rotor revolutions por
minute. The fundamental work in dotesmining these natural fre-
quencies for a single rotor was done by Oolomen (referonce 2),
and derivations will not be repoated here. The roador, not
content with accepting the frequoncy equations given hore, 1is
referred to roforonce 2 for complotc dorivation. Tho interest
hore 1s not in demping, since 1t has but slight effoct on tho
frequency and 1s of interest chlofly in the ground resonanco
phonomenon dealt with in reference 2. A departuro from refer—
onces 2 and 3 also in the cholco of coordinates will be eppar-
ent Dbelow.

NOTATIOH FOLI FIEYUENCY EQUATIONS

Wep angular velocity of blede chordwlse vibration when rotor
is not turning

a distanco from mast center to drag hingeo contoer

Jor a rigidly attrched bdlade en equivelent value of a
cen be oaslly estimated with sufficlient accuracy. Cantllcover
blado in first bending mode 1s replaced by oquivaleont system
with hinge and spring restraint.
b distarce from hinge center ts blade center of gravity
r radius of gyration of blado about 1te centor of gravity

w angular veloclty of vibrotion relative to coordinates
rotating with the mest

w engular veloclty of mast rotation

W, engular velocity of pylon vibretion (non.rota.tir_g)

n number of blades

m mags of one blade

X equivalent mess (excopt for blades) concentratod at hubd

to glve observed pylon vibration freguoncy, smsuming
strength of spring rectraint of pylon is known
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we angular voloclty of vibration relative to fixed co-~
ordinates

my engular veloclties of vibration of npylon in two fixed
T directions at right angles to each other. Nonigo-
tropic vpylon rostralnt

(A) Throe or more blades. Isotropic oylon restraint.

(1) Botating coordirates.
Coupled motions:

4 e \\[ F ( -(D)
) 8 8 a _ _.y8_ nmlly :
{\% + 57 0 —wa Jp (g —w)" I— _—_2(‘!+nm)paf
xr:/ 2. & 8 a\}i_ 2 a] (uh+w) (1)
W\ T57 © ~% % ~ (0, + ) 2(Mnn ) f" °
Uncoupled blado motions:
8 2
w G o— W=, =0 (2)
'y bp® a
Uncoupled pyloan motions:
wp® = (w, xw)® =0 (3)
(2) PFixed coordinates.
Couplod motions!
el amypt O

8 2
‘t((j) —O&, )Lm +-——-|,,m-(0)f—m) J-mf

3]

( ( 2M+nm4p}
...a) w .._.w.. w) = 4
xi% I ¢ p " ) o (%)



NACA ARR lio. HAOCO 5
Uncoupled blade motionsi

. S m¢a+:r:_a w® (w0, % w)? =0 (5)

Uncoupled vylon motlons:

mpa = mfﬂ (6)

(B) Throe or moro bladas. Nonisotropic pylon restraint.-
Ppasible in fixed coordinates anly.

B mn(.of

r
a_ 8 __ -
{(mx wf)Lw¢ + - ©® - (0"+wy )J f
nmmf"'

X "l_(mya..wfa)i-md,a + ;——0) - ((.o +0,p )]-W
. p P

- 4o’ (mza-mfa) (my'J -mfa =0 (N
Uncoupled motions as in equations (5) and (6)..

(C) Two blades. Possidle only in rotating coordinates,
and with lsotropic pylon restraint.

[wpa - (o, +mf][wpa - (o, - w)a]gwd,a + ;%5 w? - wa”]

w = (w+w f’J

o (m-wa)“

| s |

EH-I-nmp

[0, "o muf =B (org)ta0 (@
2(Mtum)p ' :

Uncoupled motions as in equations (2) =nd (3).

(D) One blade. Isotropic pylon restraint. EBotating co-
ordinates. The unoqual inertia cherscteristicas of tho blade’
and ite countorwolght probably call for a separate analysis
by the methods of reference 2 or 3, Tho two~blade cquation
can be used, however, as an approximstion.
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DISCUSSION OF EQUATIONS

Examples of tho foregolng equationa are plotted in figures
1, 2, 3, and 4. The dash lines show the uncoupled modeos. Those
charts aro fundemontal in dotermining thoe various resonant con~
ditions to expect from a given rotor design. Supposc the rotor
of figuro 1 1s turning =t 600 rpm. Then tho correct interpreta-
. tion of the froduency chart is that at any givon timo tho sye-
tom may not be vibroting at all, or may vidbrato at any omno
,of tho frequoncios ropresentod by A,, Ay A, or 4,, or
any combinatlon of those simultancously. If thc choico of co-
ordinatos givon for ocquations (7) and (&) is not followed, thore
is injoctod into tho anowor an added condition that the possiblo
froquoncles can appoer simultanoously only in palrs or othor
combinations. This doos not rosult in a froquoncy chart in the
usuel senno, and 1s of no valuc for purpos>s of this papor.
(An ‘oxcmplo 18 fig. 3 of rcforonco 3.) In gonoral, whorovor
an caymmotry oxlasts, es in the two-blado rotor, or any rotor
with nonisotropic pylon rostraint, tho froquency cquation (as
conmonly intorproted) must bo oxprossod in coordinates in waich
tho dirocctions of ansymmetry remain fixcd. Thir cnlle for ro-
te.ting coordinates for two-blade rotors, ond fixod coordinates
for nonigotropic pylon recatresint.

HORIZONTAL EXCITING FORCES
Rocent work of Seibol (roference 1) givos an oxplanation
of thoe origin of aorodynamlc forces which oxelte forcod vibra-
tionc in the horizontal plene. In addition to constant drag

forco on a blade, thereo is suporposed a pulsating drag force
vhich can bo wrlitton as

AF=a, cos(\(l+a,) + ay cos oV + U-a) + &, cos 3(\y+a3) +...(9)
vhero

AF puleating foreco on a blade

/] blade azimuth engleo of position

Q) phaso anglos

ay mumericel coofficiont
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It 1s shown in reforonce 1 thet a, hes 2 large value at
relatively low airgpoods of the order of about 25 miles per
hour, .and .that at higher airspeeds it rapidly diminishos in
megnitude. The first order of oxcitation is reproasonted by a,
which moana that as the blado makes one complete revolution it
recelves ono completo cycle of impreassed force tending to bend
it chordwise in its shank. This excitation need not be sero-
dynamic. It also could be improssed by the gravitational field
in a case whore a rotor is being tested by rotation about a
horizontal axis. The first order elso could be excited by the
centrifugal force field on o rotor during curvilinear flight.
In the usual casc tho variodic force is aerodynamic, and largo
only at low airspeods. Solbel's paper also indicates tho pon—
slbility of second orders &g becoming approciable in nagni-
tude at highor alrspeeds of tho order of 70 milos por hour,

For the nake of genorality, tho effect of an hypothetical third
order of excitrtion on verious rotors ailso is included.

It chould be omphasized that in s flight condition where
any of the coefficionts -ap in oquation (9) 1g difforont from
zoro each blado will be excited to vibrate in lts shank or
hingo, and nay be in dangeor of fatigue falluro duo to largo
forces if a resonant condition exists. Tho rosultant oscilla-
tion of all the bleades, however, may or mey not nmeke itself
folt in the mechinc ns a whole. Thias depends on vhothor or not
there 1a a pulnating not forco spplied to the top of theo nrat
by tho voctor combinntion of the forces acting on tho individ-
ual bledos.

"If AT =&y cos K(Y+a)) whore k ia the ordor of oxcita-
tion undor consideration, and if oquetion (9) represonts the

. varying drog force, then, noglccting the phaso angle, the hori-

gzontal force on the top of tho mast is sirply tho vector sum of
the forcos duo to the individual blades:

- 1U(F+¥) 1y + 5 +1)
e =ak{cos kbe + cos k (¥ +%-")g .

1\|I --———(n"l)a"+:-],
+...+coa1cW+-(-’5'-1)—-2-'-T] S J»

or
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1(14x)er  i1e(rik)em
OKE"'“’) R a 2

-
]'m: = 2 > - ia Ll + e + e

1(n= 1) (2-Hx)amr " - 1(1-x)amr
+oee +0 n ]+e- l_l +o B

1a(1~k)am 1(p=1){ :=K)em

+ o n +e0e +0 n ]}

where n 1s the number of bladeos.

Torm a, has a relatively large value at low alrspeeds,
and ag ond possibly higher torms may become appreciable at
higher spoods. The effects of &,, &, and 2, on rotors
heving from one to four blades are shown in table I, Thaqy cre
found by substituting the desirod values of k and n in the
foregoing equation., In goneral, thero are throe typos of ex-
pression for ¥, +tho horizontal force on tho top of the

mrst, expressed sbove 1n fixed coordinetes.

(1) Fme =0
(2) Fg, =constent in megnitude and direction

(3) PFp. =t voctor the tip of which tracos out & curve,
frequontly a clrclo, one or more timos per
mest rovolution

Expressions (1) ard (2) do not make thomselves felt as a
vibretion in the pilot's cockplt, though thoy mey frtigue the
blades individually, while (3) will rosult in an appreciable
disturbanco of tho whole alrcraft unleas carc is takon to avoid
resonance wlth the netural froquency of the systom.

Tablo I doos not show the phrso or diroction of the force,
nor its ebsoluto magnitude, end gives only the offoct on vari-
ous rotors whon a,, a5 and A sero diffcrent from zero.
Beferonce in the toble to vortical motions 1s explained under
the section Vorticel Vibrations.
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SIMPLIFIED METHOD OF APPLYING THEORY

Solving tha cquatlons of r.otlon with forced vibrations
would gonorally be a very tedlous procoss. To gain a -compare-
tive pleture of different rotor systema 1t 1s much elmpler to
plot the frequency chert from equation (1) or equation (8) and
on the same coordlnates draw tho straight lines of ezcltation
given at the top of teble I. Those straight linos intersect
the frequency equations at “points of rcasonenco, marking the
undesirablo values of rotor rcvolutions por minute.

An oxample for three blades and isotropic pylon restraint
18 workod out in figure 3, which shows equations (1), (2), and
(3) plottod for

wp 200 cycles por minute

Wgy 500 cycles por ninute

a

—e 0.2
bp®

no = =0,1
2(M4nn)p

This laat quantity 1s & measure of the anount of coupling,
or tho amount by which tho frequoncies dopart fron the stralght
lines and hyporbolas represonting puro pylon dofloction and pure
blado bending, reospoctively. It 1s advisablo to plot the dash
curves fron equations (2) and (3) first, and uso thom as a guide
in plotting points from equation (1). BSubstituto Wy = oy

whero © is any conveniont constent, in (1), and solutions are
easlly found. If thls is amsumed to havo beon complatod, the
various dangor voints illustrated in figuro 3 now will do takon
up in order.

The froquency chart shows complex roots in the roglon bo-
tweon A and B. Thus, &8 in referonce 2, values of rotor revo-
Jutions per minmuite between & and b wlll bo dangerous, sinco
solf-excitod oncillations can occur. This can be romedled by
suffiolent dermping. See reference (2) for details. (If the
effective "pylon® is soft, as whon an aircraft is rocking on
ite landing goar, tho a-db rogion may bo in tho operating range.)
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Next, consider the aerodynamic forces at low flight speeds
Tgy, represented by the line Wy = w. From the first columm,

. third row of table I, it was found that for throee blades the
pylon will not be subjected to a vidbratory force, ani the alr-

oreft will be smooths From the point of view of individual

blade vibration, however, take the intersectlion of the line

wg =@ with the dash hyperbola plotted from equatien (2), find

the point C. Thils gives the value ¢ = 560 as a rotor revo-
lutions per minute to be avoided. In spite of the fact that
the pilot's cockpit would not feel a vibration, these blndes
are in a condition of resonance with forced wvibration if flown
at or near 560 rpm at low alrspeeds, and would be in dangoer of
fatigue failure.

The excitation line from the second column of table I is
Wy = 20y and resonance will make the alrcraft rough in the

three-blade rotors. The points of intersection are shown on
figure 3 as D, E, ¥, and G. The corresponding velues of rotor
rovolutions per ninute are at d, o, f, cnd g.

A vibration corroesponding to ordinary shaft whirling
occurs at H, the intersectlon of the line ®, =0 with the

frequency curves. (In the two-blade case (fig. 2) this voint
divides into a ranze of instabllity similer to A &and B of
fig. 3.) Tms tho rotor of figure 3 would hove a satisfactory
workzing range somewhere between g =290 rpm and c¢ = 560 rpm
and probably would be rough at highor flight speeds if operated
below 300 rpn. Figures 1 and 2 show various other combinations
which can be considored in rotor design: stiff pylon ond flex-
ible Dblades, end two-blade case. Figure Y roprosonta the same
rotor es figure 3, but referred to nonrotating coordinates. '
Points A, B, C, and so forth of figure 4 havo the samo physical
glgnificance as tho correspording points of figure 3. The ex-
citation lines cannot be convenlently drawn on figure 4. The
line Wy = 2w trensforms into two lines, W, = 3W and W, =W}

and @y = ® transforms into Wy= 20 and Wy = 0, An added

condition is needed to show which braanches of the frequency
curves give significant intersections with the various excite~
tion lines, and for this rocsorn 1t 1s Advised that rotating co-
ordinates Zcha.rts similer to fig. 3) be used in vroctice. Each
excitation is ropresented there by a single line, and it 1s
necegsary only to read off the intersections zccording to the
rules gliven.
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The addition of damping terns greatly complicates the
oquetiona and gonnrally hes only a slight effect on tho fro-
quoncy, though amplitudos of vibratlon are roducod, and reglons
of solf-oxcited osclllations are diminished.

The case of a stiff pylon applics only when tho alrcraft
is in flight. On tho ground landing-goar floxibllity muat be
consldered in calculating wp.

VONISOTROPIC PYLON EHSTRAINT
Three and Four Blades

& froquency chart reforred to rotating coordinates cennot
gonorelly bo drawn whon the pylonm froquoncy is difforent in
different dircctions. However, wlth three or nore blades tho
firet order of exzcltation doos nnt oxclte a coupled mode. Point
C, figure 3, is tho intorsection of tho line Wy, = ® wlth the

hyperbola from oquation (2) and this holds evon whon w % Wy$

80 thls resonant vpoint can still be found. With four blades
both first and second orders spply to purc dlade bernding (see
table I); eo the lines ) = and G = 2w each give orly

one slgnificant intersection; ranely, with the hyperbola of
equation (2). In the three-blndo ceso tho sacond-ordor liro
We = 20) avpplies to the couplod modes and tonds to nmake the
alreraft rough, and further invostigrtion of this condition
with Wy # Wy =ndight bo worth whilo.

For ono ar two blados tho problom with Wy = Wy is labo-
rious to solve in genoral, though this :;iizht bo worth while in
cortein ceses. (See reference 5.) Qualitatively, the effoct
of neking the pylon restraint nonlsotropic is to roduce the
amnllitude of forced vibratliona noar resonance, and et the sane
time to spread tho responso ovor a greater range of rotor revo-
lutions vor minute, making tho Ytuning" lesae cherp. A chert of
@, doos not havo the usual noaning as tho motion is not simple

harmonic but a combinntion of different frequencies. A two-
blade helieopter scems to be smoother when W, = wy in the

flight condition. Vibration isolation is better than when
e o @y
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VERTICAL VIBRATIOKS

A discussion of vertical vibr-~tions by J. L. J. Bennett
(refererco 4) shows that they mnke themselvos felt in the fuse—
lege only if rll bledes are glver en extra 1ift irmpulse sioul-
teneously. For convenlence, equation (9) can be considored as
epplying to peoriodic verticnl forcos ard table I yivos the res—
ponse to differont orders of differcat nunbers of blades.

Considor the 1ift of a bl~de eloncnt
AL @ ofwr + v sin ) (10)
where
AL iift of & blede elonment
a offective (not geometric) angle of att-~cic
r rodinl ocosition of blrde e2lcnent
v alraspeed of machilne

The verious orders of vortical excitetion arise from the
fect that « vnrliec meriodicelly crourd tho circleo, ~nd the
squarcd breociket verlies at firet- and second-order frequorcles,
In addition, the contor of 1ift wovcs radially along the blede.
Thues first, secord, and prob~bly higher ordors (or valuos ef
pp  1in cquetion (9))are well ropresented snd incroasz with in-

crezsing forvard spooed. It is boyond the scope of tho vreecnt
pnpor to dlscuss tho diffeorent offects of those ercitotlons on
difrorent rotor systoms. HMuch dooends o:r the nothod of hinging
(tao amount of 85 ) and on tho blade flexibility. The latter
cen ho go choson thnt theo blndo acts an a spring of low nntural
frequency, and tho excitrtions above first order arc only
sli~htly tronemittod to the fuselnge. In practiceo a vertical
vibre.tion of froquency eguel to rotor revolutions ver mirute
usually can be treced to an uasymetrical cordition, such -a
whon one blade is elightly wrroed, or out of treelr, 4An exvori-
mentel cheock on the roletive megnltudes of higher orders is
givon in reforsaco Y for sutogiros.

CO'CLUSIOFS

1. A two-~blado rot-r not designod ‘o avoid resonnncoe with
firgt-ordor excitation prob~bly will be noticeably rough rt low
airspceds. This cordition can be vory much improvod by proner
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cholce of pylon and blade stiffness so thrt the overnting rovo-
lutions per mimute is far from resonance.

. 2, The firet—ordor roughness will not mako itgelf felt in
e three- or four-blade rotor, though each:blede may be vibrating
indlvidually in its shenk, and thils condition should be avoided.

3-. The second ordor of oxcltation also should bo avolded;
1t nakes 1tsolf felt in the cases of onre or throe bladee but not
of two or four.

Y, Hatural froguency of vortical blade bending should dbo
keot low, and for this reason only a small amount of 8z (re-

duction of blede angle as it fleps upward) cen bo tolerated, as
i% hao tho effect of ralsing tho flappinz freguency of & rotating
blade. This applios espocially to one or ‘two blados, and not mo
much to threoe or foure.

5+ By use of the methods of this report and of roforence
1, theo chief points of resonsnce with forced vibrations can be
prodictod and avoided for any wroposed single—~ or two-rotor
aystem wlth isotropic pylon rostraint.

Bell Aircreft Oorporation,
Buffalo, . Y., Oct. 12, 194l.
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